Abstract. Let .m; b/ be a pair of natural numbers. For m even (resp. m odd and b 2) we show that if there is an m-dimensional non-formal compact oriented manifold with first Betti number b 1 D b, there is also a symplectic (resp. contact) manifold with these properties.
Introduction
In [8] A natural question to ask is when there are such examples of symplectic m-dimensional manifolds with b 1 D b which are not formal. Clearly, m has to be even. The same authors as above constructed in [9] a simply-connected 8-dimensional example. Taking products with S 2 , we get simply-connected examples for all even dimensions greater than eight.
Fernández, Gotay and Gray showed in [6] that there are T 2 bundles over T 2 which are symplectic, non-formal with b 1 D 2; 3 (and of course 4-dimensional). Again, by taking products with S 2 , one also has examples for all even dimensions greater than four with the same b 1 .
We prove: 
Formality and s-formality
We give a brief review of the notion of formality.
A differential graded algebra (DGA) is a graded R-algebra A D L i 2N A i together with an R-linear map d W A ! A such that d.A i / A i C1 and the following conditions are satisfied:
(i) The R-algebra structure of A is given by an inclusion R ,! A 0 .
(ii) The multiplication is graded commutative, i.e. for a 2 A i and b 2 A j one has a b D . 1/ i j b a 2 A i Cj .
(iii) The Leibniz rule holds:
Further, we define jaj WD i for a 2 A i . The i -th cohomology of a DGA .A; d / is the algebra V i D Span ¹a k j k 2 I º with homogeneous elements a k , which we call the generators,
(iii) the index set I is well ordered, such that k < l ) ja k j Ä ja l j and the expression for da k contains only generators a l with l < k.
We shall say that .M; d / is a minimal model for a differential graded algebra
The importance of minimal models is reflected by the following theorem, which is taken from Sullivan's work [14, Section 5] . For the remainder of this section, we deal with the notion of formality. Endowed with the trivial differential, the cohomology of a minimal DGA is a DGA itself, and therefore it also possesses a minimal model. In general, these two minimal models need not to be isomorphic.
A minimal differential graded algebra .M; d / is called formal if there is a morphism of differential graded algebras 
Obviously, formality implies s-formality for every s.
A connected smooth manifold is called formal (resp. s-formal) if its minimal model is formal (resp. s-formal).
We end this section with some results that allow an easier detection of formality resp. non-formality. The next theorem shows the reason for defining s-formality: in certain cases s-formality is sufficient for a manifold to be formal. (ii) Every connected and simply-connected compact smooth manifold of dimension seven or eight is formal if and only if it is 3-formal.
Proposition 2.7 ([7, Lemma 2.11]). Let M 1 ; M 2 be connected smooth manifolds. They are both formal (resp. s-formal) if and only if M 1 M 2 is formal (resp. s-formal).
Massey products
An important tool for detecting non-formality is the concept of Massey products: As we shall see below, the triviality of the Massey products is necessary for formality. Let .A; d / be a differential graded algebra.
The (triple-)Massey product ha 1 ; a 2 ; a 3 i of the classes a i is defined as
(ii) Now, let k 4 and a i 2 H p i .A/, p i > 0, 1 Ä i Ä k, such that ha 1 ; : : : ; a k 1 i and ha 2 ; : : : ; a k i are defined and vanish simultaneously, i.e. there are elements i;j of A,
where D . 1/ j j . The Massey product ha 1 ; : : : ; a k i of the classes a i is defined as the set ¹OE
We say that ha 1 ; : : : ; a k i vanishes if 0 2 ha 1 ; : : : ; a k i.
Remark. The definition of the triple-Massey product in (i) as an element of a quotient space is well defined, see e.g. [13, Section 1.6].
The next two lemmata show the relation between formality (resp. s-formality) and Massey products. 
Lemma 3.4 ([9, Proposition 3.2]). If a minimal differential graded algebra is formal, then every a-Massey product vanishes. 
Donaldson submanifolds
Our examples of non-formal symplectic manifolds will be constructed in a similar way as in the article [7] of Fernández and Muñoz. The examples will be Donaldson submanifolds of non-formal symplectic manifolds. Therefore, we quote in this section parts of [7] .
For the remainder of the section we denote the de Rham cohomology of a smooth manifold M by H .M /.
In [5] the following is proven: Let .M; !/ be a 2n-dimensional compact symplectic manifold with OE! 2 H 2 .M / admitting a lift to an integral cohomology class. Then there exists k 0 2 N C such that for each k 2 N C with k k 0 there is a symplectic submanifold j W Z ,! M of dimension 2n 2 whose Poincaré dual satisfies PDOEZ D kOE!. Moreover, the map j is a homology .n 1/-equivalence in the following sense.
Let f W M 1 ! M 2 be a smooth map between smooth manifolds. f is called homology s-equivalence, s 2 N, if it induces isomorphisms f W H i .M 2 / ! H i .M 1 / on cohomology for i Ä s 1 and a monomorphism for i D s.
A symplectic submanifold j W Z ,! M as above is called symplectic divisor or Donaldson submanifold.
Concerning minimal models and formality in this context, we quote the following results. Part (i) resp. (ii) in the theorem coincides with Proposition 5:1 resp. Theorem 5:2 (i) in [7] , where a proof is given.
Theorem 4.1 ([7]
). Let f W M 1 ! M 2 be a homology s-equivalence between connected smooth manifolds. Denote by i W . Then for each s Ä n 2, we have: If M is s-formal, then Z is s-formal.
In particular, Z is formal if M is .n 2/-formal.
Next, we want to give a criterion for a Donaldson submanifold not to be formal.
Proposition 4.3. Let M be a compact symplectic manifold of dimension 2n, where n 3. Using the notation from page 717, we suppose that there are cohomology classes a i D OE˛i 2 H 1 .M /, 1 Ä i Ä 3, such that the (triple-)Massey product
is defined and does not vanish.
Then every Donaldson submanifold of M is not 1-formal.
Proof. Let j W Z ,! M be a Donaldson submanifold. Since n 3, j is a homology 2-equivalence. This implies that the (triple-)Massey product
hj a 1 ; j a 2 ; j a 3 i D OEj ˛1^j 2;3 C j 1;2^j ˛3 2
is defined and does not vanish. Now, Corollary 3.5 implies that Z is not 1-formal.
As an immediate consequence of the proposition and its proof we get: 
If dim Z 1 4, then Z 1 is not 1-formal.
The next lemma will be needed in the proof of Theorem 1.3. The proof is taken word by word from the proof of Formula (5) in [7] . Then for each p D 2.n 1/ i , 0 Ä i Ä .n 2/, there is a monomorphism
Proof. The claim can be seen via Poincaré duality. Let 0 Ä i Ä .n 2/, p D 2.n 1/ i and˛2 p .M / be closed. Then we have
Since i Ä .n 2/, we know that there is an isomorphism j W H i .M / ' ! H i .Z/, thus we can assume that for each b 2 H i .Z/ there is a closed i -formˇon M with OEˇj Z D j OEˇ D b and get
since OEZ D PDOEk! with k 2 N C . Therefore, we have
from where the lemma follows.
Known examples

The manifolds M.p; q/
The following examples are taken from [4] .
Let R be a ring with 1. For p 2 N C let H.1; pI R/ be the set :
We write H.1; p/ for H.1; pI R/. Clearly, this is a nilpotent Lie group and the 2p C 1 differential 1-forms
form a basis of the left-invariant 1-forms. Obviously, we have d˛i D dˇD 0 and
Further, let q 2 N C . We set G.p; q/ WD H.1; p/ H.1; q/. Again, this is a Lie group and analogous as above, we denote the 2p C 2q C 2 forms which form a basis of the left-invariant 1-forms by 1 ; : : : ;˛p;ˇ; 1 ; : : : ; p ; Q 1 ; : : : ; Q q ; Q ; Q 1 ; : : : ; Q q :
An easy computation shows that the 2-form
is a left-invariant symplectic form. Therefore M.p; q/ WD G.p; q/=.p; q/, where .p; q/ WD H.1; pI Z/ H.1; qI Z/, is a compact symplectic nilmanifold of dimension 2p C 2q C 2.
By [13, Theorem 2. 
.
Therefore, we see 
Proof of Theorem 1.3
Since direct products with finitely many copies of S 2 gives the higher-dimensional ones, it is enough to find a six-dimensional example. This is constructed in [1] .
But using the ideas from above, one can construct an eight-dimensional example as follows:
Gompf has shown in [11] that there is a compact symplectic 4-manifold M 
So in the following a-Massey product there is no indeterminacy:
It follows that Z 10;1 is not formal. The fact that dim Z 10;1 D 10 and b 1 .Z 10;1 / D 1 is clear by the remarks in Section 4. Now, let Q j W Z 8;1 ,! Z 10;1 be a Donaldson submanifold. Then the 10-form j ^ j ! 4 on Z 10;1 does not represent the zero class in H 10 .Z 10;1 /, for we have
and by Lemma 4.5 we get OEj . ^ ! 4 / ¤ 0. Again we use Lemma 4.5 to see Q j j OE! 4 2 H 8 .Z 8;1 /n¹0º and can prove similarly as for Z 10;1 that Z 8;1 is not formal. Moreover, Z 8;1 is 8-dimensional and has first Betti number equal to one.
Remark. A Donaldson submanifold Z 6;1 of the manifold Z 8;1 that we have constructed in the last proof is formal: From the 2-formality of M 12;1 D M 8;0 M 4;1 it follows that Z 6;1 is 2-formal and therefore formal by Theorem 2.5.
Proof of Theorem 1.5
Our starting point is a non-formal symplectic manifold. Boothby and Wang proved that there is a contact manifold which fibres over it with fibre a circle. Let E; M be as in the last theorem. Since E is an S 1 -bundle over M , one can apply the Gysin sequence to obtain b 1 .E/ D b 1 .M /. We can even find a contact manifold which has the same fundamental group as M : Corollary 6.2. Let .M; !/ be a compact symplectic manifold of dimension 2n whose symplectic form determines an integral cohomology class.
Then there is a compact contact manifold .E; ker˛/ and a principal circle bundle W E ! M #CP n with first Chern class c 1 . / D OE! such that the fundamental groups satisfy 1 
Proof. We use the same argumentation as in the proof of [11, Theorem 4.4] . After blowing up a point in M , we can obtain a manifold M 0 WD M #CP n with a symplectic form ! 0 such that
and e is a generator of H .CP n /. Without loss of generality, we can assume that ! 0 determines an integral cohomology class and there is an embedded sphere
depends on the size of the ball removed from M in the blow-up, we may have to enlarge ! by an integer scale first.) Let W E ! M 0 with c 1 . / D OE! 0 as in Theorem 6.1. Then the restriction of the fibration to S is the Hopf fibration, i.e.
1 .S/ D S 3 and the middle map in the following part of the homotopy sequence is an isomorphism:
2 .S/ ! 1 .S 1 / is an isomorphism. From S M 0 we get in the following part of the homotopy sequence of the fibration that the first map is surjective:
This yields an isomorphism
Under certain conditions we can show that the contact manifold that we have just constructed is not formal. Proposition 6.3. Let .M; !/ be a compact symplectic manifold of dimension 2n 4 whose symplectic form determines an integral cohomology class. Further, suppose that there are cohomology classes a i 2 H 1 .M /, 1 Ä i Ä 3, such that ha 1 ; a 2 ; a 3 i is a non-vanishing Massey product in M .
Then the manifold E of Corollary 6.2 is not formal.
Proof. Let W E ! M 0 WD M #CP n be as in Corollary 6.2 and the non-vanishing Massey product ha 1 ; a 2 ; a 3 i be defined by a 2-form˛1 2;3 C 1;2 ˛3. (Here we use the notation from page 717.) We show:
˛3 defines the non-vanishing Massey product h a 1 ; a 2 ; a 3 i 2
so E is not formal.
(Assume h a 1 ; a 2 ; a 3 i vanishes. Then for j D 1; 2 there exists a class
e.˛j ˛j C1 is exact by (6.2) and hOE˛1; OE˛2; OE˛3i vanishes, which is a contradiction.)
It remains to show (6.1) and (6.2): Consider the Gysin sequence of . Using the preparations that we have done, we are able to construct explicit nonformal contact manifolds. Then M T 2 admits a contact structure.
Note that the case .2n C 1; b/ in Theorem 1.5 is realized if .2n 1; b 2/ is realized. Inductively, one gets to either the case b 2 ¹2; 3º, 2n C 1 3 or the case b 4, 2n C 1 D 3, both covered previously.
